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Abstract

In this work, we present some new Carleman inequalities for Stokes and Oseen
equations with non-homogeneous boundary conditions. These estimates lead to log
type stability inequalities for the problem of recovering the solution of the Stokes
and Navier-Stokes equations from both boundary and distributed observations. These
inequalities fit the well-known unique continuation result of Fabre and Lebeau [18]:
the distributed observation only depends on interior measurement of the velocity,
and the boundary observation only depends on the trace of the velocity and of the
Cauchy stress tensor measurements. Finally, we present two applications for such
inequalities. First, we apply these estimates to obtain stability inequalities for the
inverse problem of recovering Navier or Robin boundary coefficients from boundary
measurements. Next, we use these estimates to deduce the rate of convergence of two
reconstruction methods of the Stokes solution from the measurement of Cauchy data:
a quasi-reversibility method and a penalized Kohn-Vogelius method.
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1 Introduction and main results

For a nonempty bounded open subset  of RV (N = 2 or N = 3), we consider a pair
velocity-pressure (v, p) € H(Q) x H () solution of the following linearized Navier-Stokes
equations (also called Oseen equations):

—vAv+ (z1-V)v+ (v-V)2z2+Vp = f inQ, (11)
divve = d inQ. '

Above and in the following, v > 0 is a constant which represents the kinematic viscosity
of the fluid, f € L%(Q), d € H () and

r>2 if N=2,

r=3 if N=3 (12)

21 € L®(Q) and 2z € WH(Q) with {
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In the following, z; and z9 will be two solutions of the Navier-Stokes equations in 2. More
precisely, if z1 and z9 are two solutions of the Navier-Stokes equations, then their difference
v = z1 — 2 verifies (|L.1]).

The pair (v, p) is not completely determined by System . However, if we have some
additional observation, such as the value of the velocity v in a nonempty (and arbitrary
small) open subset w C 2, namely

V= Vohs ID W, (1.3)

or the value of the Cauchy data (v, o(v,p)n) on a nonempty open subset I'g,s of 09,
namely

{ v = ¢gp on Cobss (14)

U(va)n = gy on Iops,

then Fabre and Lebeau’s Theorem guarantees the uniqueness of the corresponding pair
(v,p) (see [18]). However, the related stability inequality expressing the (conditional)
continuous dependence of (v,p) with respect to [|f|2(q), l|d|lg () and to some norm
(v, p)|lobs (corresponding to one of the above mentioned observation) are not yet proved
for system . Indeed, up to our knowledge, the most recent result quantifying the Fabre
and Lebeau’s unique continuation theorem in the Stokes case is the following one given
in [I0, Theorem 1.4] by Boulakia et al.:

Theorem 1.1 (Boulakia et al. in [10]). Assume that Q is of class C*°. There exists dy > 0
such that for all d > dy there exists C > 0 such that, for all solution (v,p) € H2(Q) x H2()

of the Stokes equations
—vAv+Vp = 0 in (),
divve = 0 in{,

we have
[vlle20) + IPllH2(0)

172
| vl + IpllH20)
nl|d
vl ) + 1Pl )

vl + IPllH2(0)

[0l @) + 1Pl q) < C
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[l tHIPln g < €
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(111 <d vl + IPllH2(0) ))
19llz2ro) + 152 NL2 ) + 1Pz + 192 L2

As underlined by the authors themselves, this result does not depend exclusively on
the needed observations or and then does not fit the Fabre and Lebeau’s The-
orem. The first main results of the present paper are stability inequalities for the Oseen
equations which are quantified versions of Fabre and Lebeau’s uniqueness Theorem
(see Theorem [1.2| below) and, in this sense, improve the previous work of Boulakia et al. It
allows to obtain analogous stability inequalities for the Navier-Stokes equations. Then, in
a second step, we give examples of applications for some parameter identification problems
as well as for some error estimates for numerical reconstruction methods.

Stability inequalities. In order to state our main theorem, we need some assumptions
and notations. Here and in the following, C' > 0 denotes a generic constant which, unless



otherwise stated, only depends on the geometry and which may change from line to line,
and K > e° denotes a constant which satisfies:

max{l, 21l nyzZ\\LT(Q)} < In(ln K). (1.5)

Moreover, w denotes a nonempty open subset of 2 and I'yps denotes a nonempty open

subset of 9€2. In this paper, n is the outward unit normal to 92 which is assumed to be of

class C? and the stress tensor is defined by o(u, p) © 2vD(u) — pl, where I is the identity

matrix and D(y) o % (Vy + tVy) is the symmetrized gradient.
We prove (see Subsections and the following

Theorem 1.2. Assume (1.2) and (1.5) and that (v,p) € H2(Q) x HY(Q) is a solution
of the Oseen equations (L.1). For any M > 0 such that ||v||g2q) + [pllar@) < M, the
following estimates hold:

M

M
In{1-+
( £ lle) + lldllgr o) + HU‘L2(UJ)>

||U||L2(Q) <CK (1.6)

and
M
vz < CK
L*(©) M
In{1-+
[ £llL2(q) + HdHHl(Q) + HUHH3/2(r0bS) + |’U(”7P)n||H1/2(robs)
(1.7)

Moreover, we have

chrlvH(LQ(Q))szs +llp — diV’U”LQ(Q)

M

<CK . (1.8)

1/2

M
In{1+
< 1 Flluz@) + g o) + lvllmse e, + HU(UaP)n”H1/2(r0bS)>>

The above theorem allows us to obtain stability estimates for the Navier-Stokes equa-
tions. Let (z;,m;) € H3(Q) x HY(Q), i = 1,2, satisfy

{—I/AZi—F(Zi'V)Zi—FVT&’i = f an, (1.9)

divz; = d in Q.

Note that the H? regularity of z1, zo implies (1.2). We prove (see Subsection [3.3)) the
following

Theorem 1.3. Suppose that (z;,7;) € H2(Q) x HY(Q), i = 1,2, are two solutions of (1.9)
which satisfy (1.5)) for some K > e®. Then, for any M > 0 such that [|z1 — za|lm2(q) +
[m1 — mallaiq) < M, the following estimates hold:

M

M
n|{l4+ ———F—
( |21 — Z2\|L2(w)>

||Z1 — Z2||L2(Q) S CK (110)



and

M

121 = z2lp2 () < CK

M
In|1+
|21 = z2llms/o(r,,,) + lo(z1, m)n — o(z2, m2)n g2,

(1.11)
Moreover, we have
|lcurl (21 — z2)||(L2(Q))2N73 + [l = m2llp2q)
M
<CK . (1.12)

1/2

M
In {1+
21 = z2llms/2(r,,,) + o (z1, m1)n — o (22, m2)n|[g1/2p,, )

We stress that these stability estimates respect the well known unique continuation
result of Fabre and Lebeau (see [18]) since the observation in w only concerns the velocity,
and since the observation on I'ghs only concerns vr ,  and a(v,p)n\robs. Indeed, Fabre
and Lebeau’s Theorem states that every velocity v solution of

{—Av—i—Vp =0 in Q,

dive = 0 in €, (1.13)
which is identically zero in w must be zero in € (and then p is constant, see [I8, Proposi-
tion 1.1] for precise statements). In particular, no information is required on p to obtain
this result. Moreover, as a direct consequence of the above mentioned uniqueness result,
we can easily deduce that, if a smooth solution (v,p) of System ([1.13)) satisfies v = 0
and o(v,p)n = 0 on Loy, then, v = 0 and p = 0 in Q. Therefore, inequalities (1.6),
and are quantifications of Fabre and Lebeau’s uniqueness theorem.

The proof of Theorem [1.2]is based on global Carleman inequalities for the Oseen system
with non-homogeneous data. Quantitative results for unique continuation are classically
obtained thanks to Carleman inequalities and three-spheres inequalities. We refer to the
topical review of Alessandrini et al. [3] and to the references therein for elliptic cases; see
also the works of Le Rousseau et al. in [25]. However, there is not so much results available
on quantitative uniqueness for systems. About Stokes system we shall mention the works
of Boulakia et al. in [9] [I0] for stability estimates and of Ballerini in [6] and Lin et al.
in [26] for some other connected results.

Applications to inverse problems. We obtain stability inequalities for the problem
of recovering Navier or Robin boundary coefficients. For this, we assume that I'gps and T'g
are two nonempty open subsets of 9 such that I'ps NT'g = () and we consider on I'y a non
penetration condition given by z-n = 0 and a friction law given by 2v [D(z)n]_ +az =0
(subscript 7 denotes the tangential component). The aim is to reconstruct the friction
coefficient « from Cauchy data on T'ops. Thus, we consider two solutions (z;, m;) € H2(Q) x
HY(Q) (i = 1,2) of the Navier-Stokes equations

{—I/Azi—I—(zi-V)zi—i—Vm = f inQ,

divz, = d inQ, (1.14)

associated to two friction coefficients oy € H'/2(To) NL>(Ig) (i = 1,2) in the Navier type
boundary conditions on I'y:

{ z;i-n = 0 only,

2v[D(z;)n]_ +a;z; = 0 onTy. (1.15)
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We also consider the reconstruction of the Robin coefficient, still denoted «, in the case of
the classical Robin boundary conditions on I'y given by:

J(zi,m)n+ iz, = 0 on Fo. (1.16)

Notice that the HY/2(I'g)-regularity of o is necessary to have a H2(Q) x H'(Q)-regularity
of the solutions.

Theorem 1.4. Let o;; € HY/2(To)NL>®(Ty), i = 1,2 be two given coefficients. Let (z;,m;) €
H2(Q) x HY(Q), i = 1,2, be two pairs solution of the Navier-Stokes equations with
the boundary conditions or which satisfy for some K > e¢. Let N 4
{z €Ty, z1(x) =0 and z2(x) = 0}, assume that K is a compact subset of To\N with a
nonempty interior and let m > 0 be a constant such that max(|z1]|,|z2|) > m on K. Then,
for any M > 0 such that ||z1 — z2|lm2(q) + |71 — m2llui Q) < M, the following inequality
holds:

a1 — 042HL2(1C)

CK M
=, o 1/4
In(1+
21 = z2llgs2(r,,,) + llo(z1, )0 — o (22, m2)nlgg12r, )

(1.17)

Here, the constant C does not depend only on the geometry but also on ||ai||Lm(FO) for
1=1,2.

Remark 1.5. We stress the fact that the previous estimate depends on the solu-
tions z1 and zo through the choice of the compact set KC and the constant m. To complete
this result, it would be interesting to obtain a quantitative estimate of the vanishing rate
of z, like what is done in [{|] in the case of the Laplace equation.

Remark 1.6. Note that the assumptions of Theorem guarantee that z1, z1 are con-
tinuous. Then if K exists, the constant m > 0 exists and depends on z1, z1 on K. The
existence of K is known in the case of Robin boundary conditions if z1 (or z2) is
not identically equal to zero in §2. It is an easy consequence of Fabre and Lebeau’s theorem.
But in the case of Navier conditions and if one of the z; is not trivial, the existence
of a nonempty open subset of 'y on which z1 and z2 both vanish is a difficult issue. Indeed,
it reduces to study the existence of a non trivial vector field v solution to an homogeneous
Oseen equation (see below) and such that v = Oyv = 0 on a nonempty open subset
of T'g. The difficulty relies on the fact that, unlike the Robin case, no additional information
on the pressure is available.

Remark 1.7. We can obtain a better estimate assuming more reqularity on (v,p). More
precisely, for k > 2 and n € N suppose that (v,p) € H¥(Q) x H*1(Q), k > 2 and
a; € HY(K), i = 1,2. Then, using an interpolation argument, we can obtain for any
M >0 and N > 0 such that ”v||H2(Q) + ||pHH1(Q) < M and ”U||Hk(Q) + ”pHHk—l(Q) <N



that for all 0 € [0,1] (see Remark[{.1)):

[ — az|lgon ()

10
(SEN)" Jloa = azllfin ey

< (2k—3)(1-6) *
2k

M
In|{1+
lv1 = vallms/zr,,,) + llo(vi,pi)n — o(ve, p2)nflgier,,

(1.18)

For k =3 and 8 = n = 0, we obtain a result similar to the one presented in [9, Theo-

rem 4.5].

Theorem which completes the previous results given by Boulakia et al in [9] [10],
finds applications in the modeling of biological problems as blood flow in the cardiovascular
system (see [27] and [31]) or airflow in the lungs (see [5]). For the Laplace equation, these
kind of stability estimates for the Robin coefficient have been widely studied: see for
example the works of Chaabane et al. in [I4] I3], Alessandrini et al. in [2], Sincich in [29],
Bellassoued et al. in 7] and Cheng et al. in [15].

Finally, we present another application of our stability estimates in the context of
numerical reconstruction methods. More precisely, we focus on the stable reconstruction
of the solution of a data completion problem (also known as Cauchy problem) for the Stokes
equations: for given (gp, gy) € HY?(Dyps) x HY2(Tops), we search (v, p) € H2(Q) x HY(Q)
solution of

{—Z/Av—i—Vp = f in Q, (1.19)

dive = 0 in €,

and such that
v=gp and o(v,pn=gy on Ty

Estimates and imply the uniqueness of the solution of the data completion prob-
lem. However, there exists Cauchy data (gp, g ) for which it does not admit any solution.
Hence, regularization methods are needed to stably reconstruct (v,p) from (gp,gy). We
study two standard regularization methods: a quasi-reversibility regularization and a pe-
nalized Kohn-Vogelius regularization.

In the quasi-reversibility method, we consider, for € > 0, the following variational
problem: find (v.,p.) € H?(Q) x H'(Q) such that v. = g, on Tops, 0(ve,p)n = gy
on Tops, and for all (w,q) € H2(Q) x HY(Q) such that w = 0 and o(w,¢)n = 0 on Ty,
we have

/Q(—I/A’Ue + Vp.) - (—vAw + Vq) dz + (dlv('vg), dlv('w))Hl(Q)

+ &(ve, w)g2(q) + €(Pes Drr () = /Qf (—vAw + Vg)dz. (1.20)

The penalized Kohn-Vogelius approach that we consider here consists in, for € > 0 and

re. & OO\ Tobs, defining the functional F. : H1/2(ng)s) x H32(I'C ) — R given by

obs

def
Fe(on,%p) = [vpy — ”¢D|i12(§z) +lvey — ”¢D|%{1(Q)

2 2
+ellvey: Poy ||H2(Q)><H1(Q) +ellvg, . Py, HHQ(Q)le(Q)’



where [.|gi gy 1s the H'-seminorm (i = 1,2, see pagefor definition) and where (v, Poy) €
H?(Q) x HY(Q) and (ve,, py,,) € H?() x H'(Q) are the respective solutions of

VAV, +Vpyy = f in €, —vAvy, +Vpy, = f in €,
divw,, = 0 in £, and divwoy, = 0 in Q,

Vo, = gp on g, (v, Pyp) = gn on Ly,

O‘(”(P]\]?p(p)n = (pN on F%s? v'l,bD = 17bD on F(?bs

Then, we define (v, pe) = (ves,, Pys,) Where (@, ¥]) € Hl/z(f‘gbs) X H3/2(I’gas) is such
that

F(p5, 15) = inf F(pn. 7). 1.21
PV = B e o) (1.21)

obs

For this second method, we specify that we assume ﬁﬁf&s = (), for instance I'ypg could
be one of the connected components of 0f2.

For any (gp, gy) € H¥?(Dops) x HY2(Iyps), both the quasi-reversibility problem
and the Kohn-Vogelius minimization problem admits a unique solution (v, pe).
Moreover, if the initial data completion problem admits a solution (wv,p), then v, con-
verges to v strongly in HQ(Q) and p. converges to p strongly in H'(Q2). Furthermore, the
stability estimates we obtain in the present paper (proved in Section [5)) provide the rate of
convergence of both methods (for a survey on the connection between stability estimates
and rates of convergence of regularization methods, we refer to [22]):

Theorem 1.8. For any M > 0 such that ”’UH y F Il @) < M, where (v,p) is the
exact solution of the data completion problem , we have the following error estimates
for both quasi-reversibility method and penalized Kohn— Vogelius method:

<M ve — 01/ < M
= lljj e — YipY(Q) = 1/2
n(l+ 72) (n(1+20))

[ve = vllL2(q)

and

M
<ln(1 n %)) 1/2°

Notations. All along this paper, € is a nonempty bounded open subset of RY (N = 2
or N = 3) with a boundary 92 of class C?, w is a nonempty open subset of , I',ps and g
are nonempty open subsets of 9Q, T'gps Mg = 0, and ngs denotes the complement of Iy,

namely T’ obs S O\ ops.

We here summarize the needed notations in the case N = 3 which can be easily
adapted for N = 2. We denote by n = ‘(nj,ns,n3) the outward unit normal to 99
which has a C! extension to a neighborhood of 9Q. Above and in the following * de-
notes the transpose. For a scalar function w or a vector field y = *(y1,¥2,y3), we define
Vu & L0 w, Opyw, Opsw), Vy of (ijyz)1<”<3 and divy det 23 Oy, yi- Moreover,

ow

on 9, we define the normal derivatives 2% = (Vaw) - n and ay & (Vy)n and the tangen-
def def

tial gradlents V w = Vw — gwn and Vry = YVryr, Vaiys, VTyg) We also introduce the

notations yn = (y n)n and yT = y y, for the normal and the tangential components

[P = pllr2) <

of y on AQ. The divergence of y is defined by divy & Z?Zl 0z;y; and the curl of w or y
is defined by

Oz, W

a0 > if N =2,

curly = 05,92 — 0,y1  and  curlw = <



and
s [ OwaY3 — Oy
curly = [ Opyy1 — Ory s if N =3.

am Y2 — 8902 U1

We will also need to use the tangential divergence operator on 0f2 that we denote by div..
We recall that D(y) £ % (Vy + tVy) denotes the symmetrized gradient and o(y,p) =
2vD(y) — pl the stress tensor, where I denotes the identity matrix and v > 0 is the
constant which represents the kinematic viscosity of the fluid we consider.

For r > 0 we denote by L%(Q), L%(9%2), H"(Q2), H"(9€), Hj(2), the usual Lebesgue
and Sobolev spaces of scalar functions in €2 or in 02, and we write in bold the spaces of
vector-valued functions: L2(Q) = (L2(Q))V, L2(09) = (L2(0%2))", etc.

We recall that z1, zo are vector fields satisfying . Moreover, we use the following
particular constant:

m(z1,22) & maX{L 1Z1llLe(q) » HszHLT(Q)}' (1.22)

We also recall that C' > 0 denotes a generic constant only depending on the geometry. In
particular, it is independent on z1, z3 and on the parameters s, A appearing in Carleman
inequalities of sections [2 and

Finally, for O1, Oy two open subsets of R, the notation @; € Oy means that there
exists a compact set K such that O; C K C Os.

Organization of the paper. The paper is organized as follows. The Section [2] is dedi-
cated to the proof of Carleman inequalities for the non-homogeneous Oseen equations (see
Theorem . It is obtained by combining a domain extension argument with Carleman
inequalities for compactly supported solutions of the Stokes equations. Then in Section
we deduce a Holder type interior estimates for a distributed observation as well as log type
stability inequalities for both distributed and boundary observations. In particular, Theo-
rem [I.2] is proved in subsections [3.1] and [3.2] and Theorem [I.3]is proved in subsection [3-3]
Finally, we present some applications in the last sections. The Section [4] concerns the proof
of stability inequalities for the inverse problem of recovering Navier and Robin coefficients
(proof of Theorem and Section |5|is dedicated to the proof of error estimates for some
numerical reconstruction methods (proof of Theorem [1.8)).

2 Carleman Inequality for Stokes and Oseen equations

In this section, @ is a non empty bounded open subset of RV (N =2or N = 3) of class C?,
w is a non empty bounded open subset such that w € O and ¥ : O — R is a function
satisfying

Y€ C*O;R), ¥>cy and |Vy|>0 in O\@

2.1
P =c¢cy on 00, 21)

for some positive constant co > 0. For the existence of such a function see for instance [19]
or [30, Appendix III|. Here, the set O plays the role of 2 or of an extension Q of Q which
is used in Section [3] below.

The main aim of this section is to prove a Carleman inequality for the non homogeneous
Oseen equations. For that, we first prove a Carleman inequality for a pair velocity-pressure
in H2(O) x H}(O) and then we use a domain extension argument to recover the non-
homogeneous case.



2.1 Carleman Inequality in the case of homogeneous boundary data

Let us first recall a standard Carleman inequality for the Laplace equation:

Theorem 2.1. Let k € {0,1}, F € L?(0) and G € L2(0). There exist C >0, A > 1 and
5> 1 such that for all \ > X\ and s > 3, the solution v € H*(O) of

Ay = F4+divG in O,
u = 0 on 00,

satisfies the following inequality:
/O (e(k—1)>\¢’vu|2 4 82)\2€(k+1),\¢|u|2) o256
<C </O (sekW]G\Z + 871)\726(]672))@‘}7’2) 25" dg
+/ 82)\26(k+1)’\w\u\zezsewdx> . (2.2)

Proof. Inequality for k = 1 is given for instance in [2I, Theorem A.1] and
for £k = 0 is obtained by applying with & = 1 to the equation satisfied by e~ 2%u.
Note that the above quoted result is stated for a function v that vanishes on 00. However,
if 5, X denote the admissible parameters of |21, Theorem A.1], it suffices to choose (s, A) =

(3620, 3) to get ([22). O

We deduce the following Carleman inequality for Stokes equations:

Theorem 2.2. There exist C' > 0, X>1and 3> 1 such that for all A > X and s > s, and
for all (v,p) € H3(O) x HY(O) the following inequalities hold:

/ (|V’U|2 + 56Aw|Cu1‘1’U’2 + 52)\262)\1/)"0‘2) e?se’\’l’dx
(@]

<C (/ (s IA2e M| Vdiv |2 + A2 Vp — Av|2)623€wdx +/
@]

Ay
3)\2 3)\1[)|,U‘2 2se il’)
w

(2.3)

and
/ se™|divo — p[ZeQSEWda:
@
<C (/ A2 Vp — Av!QeQSewdx + / se™|div v —p|26256de> . (2.4)
@ w

Proof. First, we set f L _Av+ Vp. Easy calculations yield:

—A(curlv) = curlf in O, (2.5)
—A(divv—p) = divf in O,
—Av = curl(curlv) — V(dive) in O.

Then, by applying (2.2)) for £ = 0 to (2.6) we obtain (2.4]).



Next, we introduce another open subset wy € w and apply (2.2) for £ = 0 to (2.5) to
obtain:

/ s IATZe M|V (curl w) ‘26286>\wd$+/ se)“/’|curlv\zezsewdx
@ @]
<C (/ se’\w|curlv|26258wdx +/ A2 Vp — Av|26258wdaj) . (2.8)
wo O

Let us replace the local term in curlv by a local term in v. For that, we introduce a
function p € C2°(w) such that 0 < p < 1 and p = 1 in wp. Using an integration by parts
in w, we get

A A
/ se>‘¢|curlv|26256 dx < s/pe)‘¢|curlv|2625€ de = 3/
wo w

curl (pe’\we%ew curl ’U) vdz
w

<C (/ s2 N2V 25 |v| |curlv| dx + / seMe2se” |V (curlv)] |v] da:),
w w
and with Cauchy-Schwarz inequality:
/ seAw\curlv|2e286de < 6/ (571)\7267)‘1/’6236w |V (curlw)|? + seM e \Curl'v|2> dz
wo o
C
+ 53)\2/ 3 25 lv|? d.
€ w
By combining ([2.8]) with the above inequality for e > 0 small enough, we obtain
/ s IAT2e MV (curl v) |26256Wd$+/ se)‘w|curlv\262‘gewdx
@) O
<C </ 53)\263)‘1”]11]26236de +/ A2 Vp — Av\zezsewdx> . (2.9)
w ]

Finally, (2.3) is obtained by first applying (2.2) for £ = 1 to (2.7)) and next using the
estimate of curlv given by (12.9). O

2.2 Carleman Inequality in the case of non-homogeneous boundary data

In this section, we prove a Carleman inequality for the Oseen equations:

{—yAv—l—(zl-V)'v—i-(v-V)zg—i-Vp = f inO,

divve = d inO. (2.10)

Above and in the following, z; € L>®(0), 2o € WL (0) (with r > 2 if N = 2 and r = 3 if
N = 3) and we use the following notation for the particular constant:

(21, 22) 2 max {1, lz1ll=(0) » [V22lr0) ) - (2.11)

We recall that C' > 0 denote a generic constant only depending on the geometry and
independent on s, A, z1, zo.

10



Theorem 2.3. There exist C > 0, ¢ > 0 and 5 > 1 such that for all z; € L*(0),
2o € W (0), all A > X & ®(z1, 22)¢ and all s > 3 every solution (v, p) € H2(O)xH(O)
of (2.10)) satisfies:

/ <|V"’|2 +sejeurlvf” + s2A2eWIv\2) e dp
(@]

=¢ </ (s TNV £ AT )P de + / BAZ [ 2625 dy
O w

seAc
+e2 (Jolfe o) + Pl o)) ) (212)

and
/ se™|p — d|2ezsewdx <C (/ (83223 |2 + seM|p — d|2)e2sewdx
(@] w

+/ (sTA2e VAR + A2 P)e? e dr 4+ e (o) o) + HpH2H1(O)>> -
]
(2.13)

Proof. Let O be a bounded domain of RY of class C? such that @ € O. We extend P to O
(while keeping the same name) in a such a way that:

YeCYO;R), >0 and |V¢|>0 in O\w,

o (2.14)
v=cg ond0, 0<tp<cy inO\O, c¢p<yp inO.

Let £ : H*(0) x HY(0) — H%(@) X Hé(@) be a linear continuous map (given for example
by Stein’s theorem, see [I]), also continuous from H'(0) x L2(0) into H}(O) x L2(O),
such that E(v,p) = (v,p) in O, and define (v, D) & E(v,p). We also denote by z1, 22
some continuous extensions of z1, z for the L and W norms in O respectively. The

pair (v, p) e E(v,p) is then solution to

—VAD+ (21 - V)0 + (0-V)22+V)p = f inO,
divv = d inO,
v 0 on 00, (2.15)
0v ~
o 0 on 6(2,
p = 0 ondO,

where f € L2(6) and d € Hl(é) are given by } = f and d =din O and by ;" =

—VAT + (21 - V)0 + (0-V)Zy+ Vp and d = dive in O\O. From the continuity of the
extension operator ' we have:
120 + Il ) < C =1 20) (ol + el o)) (2.16)

Next, by applying estimate (2.3) of Theorem 2.2}
/N (|V§| + se™|curl o|% + 52)\262>\¢’5|2) 625 4
@
<C </‘~(81)\26va67’2 + /\72‘}‘ _ (“Z’l . v) v—(v- V) zzlg)egsempdm

@
+/s3/\263’\¢\1~)\2€286wdx>. (2.17)
w
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Since z; € L*(0), we get
LA B < Rl N VA (2.18)

Moreover, since zo € Wl’r(é), we use the Holder’s inequality and the continuous embed-
~ 2 ~
ding HY(0) = L72(0) to get:

2
/~ A7 (@ V) 2o e dz < /v V2| ‘A_lﬁesew dx
© @]

IN

5 2
S 2 L1~ gAY s 2 —177 se ¥
HszHLr(o) H)\ ve HL%(@ <C HVZQHLT((’)) HV()\ ve )’ 12(5)

CIVEI2, o, A-2< /6 VP e 4o + /5 \5]232/\262>‘w6256wdx>.

(2.19)

IN

Thus, gathering (2.17), (2.18) and (2.19) and choosing A > m(z1,22)¢ for ¢ large

enough (and depending only on the geometry), the terms in z;, zo at the right hand side
of inequality (2.17)) can be absorbed and we obtain

/~ (!WP + se*|curl o) + 32/\262/\1#‘5‘2) 025 4y
o

<C ([(s_lA_Ze_Aw]VLﬂQ + )\_2\}]2)6286wdx + 83)\2/
@

w

63A¢\5\2628€de). (2.20)
Moreover,
sTIN2Ze M|y |2 4 A2 } 2)25¢™ 4y
_
5\O

— 56)‘6 T < _ se)\c ~
SA%Q°é@WW+UWM§02¥‘%%zﬁ@N#@+M%@)

In above calculations, we have used the fact that ¢ < ¢ in O\O and (2.16). Then (2.12)
follows by combining the above inequality with (2.20]).
Finally, to prove (2.13)), we first apply (2.4]) to (v, p) which gives:
/~ se™|div o — 'pVIZeQSEWda:
@
<c (/ se M |div s — pl2e2™ dz + /~ ZF— (G V)5 (3-V) Zg|262“wdx> .
w @

Then, using (2.18)) and (2.19) to estimate the last above integral, we obtain for ¢ large
enough and A > ¢m(z1, z2),

/~ seM|div v — {5]26256de <C </ seM|div D —ﬁ]QeQSewdx + /~ )\_2]?\26286A¢dm>
(@) w o
+ /~ (IVo]? + 2222 [5]2) e da.
@]

Hence, we use (2.20) and the rest of the proof is the same as for (2.12)). O
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3 Stability estimates for Oseen and Navier-Stokes Equations

In this section we use the Carleman inequalities given in Theorem to obtain several
stability estimates for both distributed and boundary observation. In particular, we prove
Theorems and We first prove a Holder type interior estimates and a global log
type estimates for a distributed observation. Then, we use an extension of the domain
procedure to obtain a global log type estimates for a boundary observation.

We recall that © is a nonempty bounded open subset of RN (N = 2 or N = 3) with
a boundary 99 of class C?, that I is a nonempty open subset of 9Q and that w is a
nonempty open subset of (2. Moreover, z1, zo are vector fields satisfying (1.2)) and we use
the following notation for the particular constant:

def

m(z1,22) = max{l, 21/l () > HVZQHLT,(Q)}. (3.1)

We also recall that C' > 0 denotes a generic constant only depending on the geometry and
in particular independent on s, A\, 21, zo.

3.1 Stability estimates with a distributed observation
3.1.1 A Holder type interior estimate

Theorem 3.1. Let Qg be an open subset such that w € Qo € 2. There exist ¢ >0, § > 1
def

and ¢ > ¢ > 0 such that for all z1, zo satisfying (1.2), all X > = m(z1,22)¢ and all
s >3, every solution (v,p) € H2(Q) x HY(Q) of the Oseen equations (1.1]) satisfies:

Sec"@\
lollcaay) + llenrl ol gaggyyen-s < ¢ (1 lLa@ + ldl o) + ol

—secaX
+e77 (Ivllmz) + el @)  (3:2)

and
: seciX
Ip = divollay < e (Il + 14l + ol + Pl )
— e
+ e (Ivllmz@) + Pl ) - (3.3)

Proof. Let us introduce thmin = rniQn Y(x) and Yoy = max ¥(x). We apply (2.12)) to (v, p)
xelly FAS
to get, with A < A,

/ (52)\2e2>‘w|v|2 + se’\w|curl'u|2) 2™ dg
Q
<C (/Qﬂfr? + [VdP)es ™™™ dy 4 52 A2 20 |2,

sere
+e2 (ol + el ) 64)

and then,
/ (82/\262)‘wﬂ’m|v|2 + sewmi“]curlvP) 25 min gy < ¢ </ (If1* + !Vd]Q)e%ewmax dz
Qo Q

Apmax Ac
AP B )3, e (o)) + Pl ) ) -

Thus, by dividing the above inequality by 25X min e obtain (3.2) for some ¢f > ¢5 >0
independent on A. Estimate (3.3)) is obtained analogously. ]
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As a consequence of Theorem [3.1], we have the following

Theorem 3.2. Let Qg be an open subset such that w @ Qg € 2. There exists ¢ > 0 such
def

that for all zy, zy satisfying [T.2), all A > X\ & m(z1, 22)¢, there exists B € (0,1/2) such
that every solution (v,p) € H2(Q) x HY(Q) of the Oseen equations (1.1) satisfies:

HUHL2(QO) + ||CUI'1’UH(L2(QO))2N—3

ec*)\ :8
< e (If o) + Il oy + Iolae ) (Il + Pl @)

and

[p = div |2 g
ec*A B 1—
< e (IF e + Ml o + I0llze) + Iplae) ) (Il + Iplne) ' ™

Proof. Since the proofs are analogous we only prove the first inequality. For that, we apply
Theorem and, for s > 5, Inequality (3.2) rewrites ||v||r2(q,) + chrlv||(L2(Qo))2N73 <

* _ * def * . . o~
e’ A + 752 B where Cr = e for i = 1,2. First, we suppose that ﬁln (%) >3
1 2
and we choose s = —~— In (£). Hence, we obtain
ooz I (3) :

o3 cf
[vllLe 0 + ”CUI’I’UH<L2(QO))2N73 < 2ACT+95 BOTH03 (3.5)

Secondly, if ﬁ In (%) < 5, then B < e(CitC3)5A. Hence, we also obtain (3.5)) using
1 2
the existence of C'> 0 such that [|v]|y2(q,) + [curlv|yzq,) < CB. O

e 1>‘+e
c] > ¢5 > 0 are the constants given in Theorem which only depend on the geometry.

Therefore, B(\) € (0,1/2) and B(A) — 0 as A — +oo.

Remark 3.3. According to the proof of Theorem we have = B(\) = % where

3.1.2 A global logarithmic estimate

Theorem 3.4. There exist ¢ > 0, § > 1 such that for all z1,z9 satisfying (1.2)), all
A > XY m(zy,29)¢ and all s > 3, every solution (v,p) € H2(Q) x HY(Q) of the Oseen
equations (1.1)) satisfies:

Sec*)\ 1
[v]lL2@) < e (H.fHL2(Q) + HdHHl(Q) + H’U”L2(w)> + (HU”H2(Q) + HP”Hl(Q)) ,  (3.6)

s
sec*)\ ].
leurl ] g 2 qy)2v-3 <€ <”fHL2(Q) + Il g1 (o) + ”U||L2(w)>+ﬁ (lvlla2@) + Pl @)

(3.7)
and

. c* A
[p — divollreq) < e* <||fHL2(Q) + Al ) + Ivllzw) + ||pHL2(w)>

1
TR (Ivllez@) + ol )) - (3-8)
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Proof. We apply (2.12) to (v,p), with 2 < A, to get (3.4) as in Theorem Thus, by
dividing inequality (3.4) by 25 and using the fact that

2o [ e ar > [ joPda
Q Q
we obtain (3.6) and (3.7 for some ¢* > 0 large enough (independent on ). Proceeding as

previously (but with (2.13) instead of (2.12))) we obtain ({3.8]). O

Then, we deduce the following

Theorem 3.5. There exist ¢ > 0 and ¢* > 0 such that for all z1, zo satisfying (1.2)), all
A > XY m(zy,29) ¢ every solution (v,p) € HX(Q) x HY(Q) of the Oseen equations (L.1)
such that ||v||lgz(q) + [[pllai ) < M for some M > 0 satisfies:

c* X
e "M
[vllL2q) < , (3.9)
n
£ ll2e) + lldlla o) + vz w)
c* A
e "M
HCurlvH(Lg(Q))2N73 < y 72 (3.10)
In|{1+
£ ll2e) + lldllg o) + vz w)
and
c* A
. e M
lp = divoll 2 < (3.11)

172
In|1+ M
[ fll2@) + lldllgr o) + [vlleew) + 1Pz

Proof. We apply Theorem and, for s > §, we introduce A such that we rewrite ((3.6) as
vz < eSCT A+ %M where C* = €A, First, if A = 0, since the previous inequality
is true for all s, we obtain [|v||g2(q) = 0 and then (3.9) holds. In the following, we assume
A#0.

Next, we suppose that 2= In(1+ %) > 5 and we choose s = 55 In(1 + ). It yields

M\Y? A 20 ¢*
<M{(1+—) —+———
Ioll2@) < (( A) M " (1 + M)

and next, using the fact that % < m if0<z<l, ie M<Aand m11/2 < 1n(11+x) if
x> 1,i.e. M > A, we obtain (3.9) (by choosing ¢* > 0 larger if necessary).

In the case 55 In(1+ %) < % we have M < ¢ " A for some (other) constant ¢* > 0
and (3.6) with s =5 gives [|v|yz2q) < e A for some (other) constant ¢* > 0. Then the
conclusion follows from A = M % <M m (since % < m for all x > 0).

The proof of (3.10) and (3.11) are obtained in a similar way. O
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3.2 Stability estimates with boundary observation

We now prove the following theorem from which we deduce the logarithm estimates stated
in Theorem as in the proof of Theorem Notice that the first estimate (|1.6) is given

in the previous Theorem (see (3.9)).
Theorem 3.6. There exists ¢ > 0, § > 1 such that for all z1,z9 satisfying (1.2)), all

def

A > A m(z1,22)¢ and all s > 3, every solution (v,p) € HX(Q) x H(Q) of the Oseen
equations (1.1)) satisfies:
sec*A
[vllLz@) <e (||fHL2(Q) + Al ) + vllgs2r,,.) + HU(UaP)HHHm(robs))

1
ts (lvllmze) + ol @) (3.12)

and

Sec*)\
< e (If o + Il @) + I0lls/a(r,,) + lo (0 p0lla,))
1
+ 75 (l0lz) + Pl @) - (3.13)

Let us begin by proving the following lemma which is a construction of an extension of
the domain Q and of the solution (v, p) of Problem (|1.1)):

Lemma 3.7. Let ) be an extension of Q of class C? through Tops (see Figure , namely
Q is of class C?, 0QnN Q= Tobs-
There exists an extension (v,p) € H2(Q) x HY(Q) of (v,p) € H2(Q) x HY(Q) such that

v
obs? on

v = — Ov > —
’U‘F =r Tobs 811‘]—’0})8’ p‘Fobs _p‘Fobs

obs

with the following estimate

v |2
~112 ~12 2 2
nﬂm@m+m@@mgc<wmmmw+wmHm&w+mmmmw> (314
In particular,

HﬁHip@ + Hﬁ”?p@) <C (H”H%ﬂ(n) + HpHQHl(Q)> : (3.15)

Proof. We consider the linear continuous trace-right inverse operator (see for example [20),
Theorem 1.5.1.2])

R: H3/2(Fobs) X Hl/Q(Fobs) X Hl/Q(Fobs) — HQ(Q) X Hl(Q)
(gob57 h0b57 kobs) — (w7 Q)

with (w, %‘:, q) = (Gobs» Pobs, kobs) on Iops. Then, let us denote by S the linear continuous
extension operator given by Stein’s theorem (see [I]):

S: H?2(Q)x H(Q) — H2RY) x HY(RY) .
(w,q) — (W,Q)
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We also denote by T the linear continuous operator of restriction to O

T: H2RY)x HY(RYN) — H2(Q) x HY(Q) .

Finally, by denoting (w, q) “ToSoR (v,0,v,p), we conclude by defining

% def v in Q d ~ def P in Q
“lw nO\Q o 717 m0\Q
It is easily checked that (¥,p) € H*(Q) x HY(Q). O

Proof of Theorem[3.6, In what follows, Z;, Z2 denote some continuous extensions to RN
of zi1, 2z, for the L™ and the W norm respectively. Let us consider the extensions Q
and (,q) € H2(Q) x HY(Q) given by Lemma Let us consider w € Q\Q a non empty
bounded open subset. We summarize these notations in Figure

Figure 1: Notations

Next, we apply (2.12)) and (2.13)) to (v, p) and, with < A, we get:
/~ <s2)\262’\¢|5|2 + se™ |curl B|? + se* |p — div 5|2> 25 dg
Q

AP

<C (/JI — VAU + (21 V)V + (0 V) 22 + VP> + [Vdiv o)) e d
Q

A ~ A ~ e~ Ay Ac
+/w(83)\263 V19| + seM|p — divo)?)e? ¢ da 4 25 (HUH;Q@) + HpH?{l(ﬁ))) ,
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and from (3.14), (3.15) and w C O\ we deduce

/ <32)\262)‘¢\'v\2 + se™|curlw|? + se*|p — div v|2> 2™ dg
Q

< O [ (VA I7E) o o g ez | <53A2612
Q o0
+s|p — divo|? + |Av]2 + | (21 - V) %]2 +|(v- V) 22\2 +|Vp|? + \Vdiv5\2> dx
Ac
—|—€256 0 <||'UH%—12(Q) + HpH%p(Q)) )
2
< C 83)\263/\wmax6256)‘wmaxm(z17z2) HUH H + ”pH2
/Q (IVCHQ + ’f‘2> estAwdx‘i‘ 6256>‘C0 <HUHH2(Q) + Hp”Hl(Q))>
Here, we have used the notation ¥max S max, g Y(z). Thus, by dividing the above

25e€0

and using that

e256“0/62/\1[1‘1)‘2625@“’(1%2/ |’U|2dIL’
Q Q

and that A > m(z1, z2)¢, we obtain for some ¢* > 0 large enough (independent on \),

inequality by e

2
se™ A ov
1v][f20) < € (HfH%Q(Q) + 1l @) + 10135 2r,, ) + H8n

L

1 , ,
t3 (”U||H2<Q)+IIPIIH1(Q)). (3.16)

H!/2 (Fobs)

With a similar argument,

. c* A 2
curlv]|? L2V T lp — le’UHiz @ <€ (Hf”%ﬂ(ﬂ) + Nl () + HUH%ISN(Fobs)

1
Han U + HPHHUZ(FobS)> + S (”UHHQ(Q) + HpHHl(Q)> . (3.17)

Now, to conclude, it remains to replace the term Hg—:’lHi{l/Q(F T HpH%{m(F o) by

l|lo(v, p)an_Il/Qa—‘obs). First, from

d=divv = Z—U ‘n+div,vr + (divn)(v-n) on oy,
n

we deduce that
2

ov ) ,
‘ on e, s¢ (””HHWQ(Fobs) + ”d||H1(Q))- (3.18)
The above inequality with the following computations
0
,/a% = o(v,p)n+pn-v'Von

= o(v,pn+pn—vV(v-n)+rv(Vn)v

= o(v,pn+pn—v (gv . n> n—vV.(v-n)+v(Vn)v
n
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yields

2 2 2 2
<C (HU(UaP)nHHl/z(robs) +pliz @y, + 102, + HdHHl(Q)) :

H on H!/2(T

Obb

Finally, from p = 21/2—;’1 ‘n—o(v,p)n-n and (3.18) we deduce that

2 2 2 2
1Pl 2, <C <||a(v,p)n\|H1/2(Fobs) + [lollfs2ry,,) + ”dHHl(Q)>

and then

ud + Il < C (Jlow,pmll; + lloll + Nl o)

8n 1 p Hl/z(robs) - ’p Hl/z(robs) H3/2(Fobs) Hl(Q) ’

H /2(Fobs)
(3.19)

Then, (3.12)) and (3.13) follow from (3.16)), (3.17) and (3.19)). O

3.3 Proof of the stability estimates for the Navier-Stokes equations

Theorem is a simple consequence of Theorem applied to the pair (v, p) S (z1 —
z9, m1 — ma) which is solution of:

—vAv+ (z1-V)v+ (v-V)z2+Vp = 0 in Q,
divve = 0 in Q,

vV = z1— 22 on Lops,

o(v,pin = o(z1,m)n—o(z2,m2)n  on [gps.

Note that in the same way, we can also obtain the same estimates as in Theorem [3.2]
and Theorem .5 for a distributed observation.

4 Application: stability estimates for boundary coefficients
inverse problems
In the present section, we focus on the proof of Theorem We begin by considering the

Navier boundary conditions. One can first notice that the pair (v, p) & (21 — 2o, 7 —m2)
satisfies

—vAv+ (z1-V)v+ (v-V)2z2+Vp = 0 in{,
divve = 0 in{,
v-n = 0 only, (4.1)
2v[D(v)n] 4+ a1z1 — a2z 0 onTy.

Without loss of generality, we can assume that |z1| > m on K. Then, since (ag — a1)2z1 =
asv + 2v [D(v)n]_ on Iy, we have

C
o = azlliagey < — (ol + V9 lary) (42)
To estimate the above right hand side, we use the following inequalities:

1/2 1/2 1/2 1/2
[olleay < Cllolihig Ioliig  and Vol < Cllolig olgg, - (43)

19



Note that the above inequalities are an immediate consequence of the interpolation inequal-
ity ||-Hi2(89) < Ol g2 @) Ill2(qy Which can be obtained for instance by first applying [20,
Theorem 1.5.1.10] to get C' > 0 such that for all u € H}(9€2) and all 0 < & < 1,

lulzqomy < C (2 IVullfag) + 272 ulaqy ) -

and next by taking ¢ = ||u\|iz(9) / Hu||12{1(ﬂ). Combining the interpolation inequality
||'vHH1 @ < ||’v||1/2 Hv”iI/S(Q) with the second inequality in (4.3]), we deduce that
1/4 3/4
[Vl < Clloli, o1, -
Hence, from (4.2) we obtain:
C . 1/4 3 4
lon = azllzgey < — il Il (4.4)

and we conclude using the estimate on ||v[|p2(q) given by Theorem
For the Robin boundary conditions, we proceed in exactly the same way to obtain
C
o = azllzgey < = (Iollgaqey) + IV0lka,) + Pk,
and conclude using the estimate on [|v]|12q) and on ||p||;2(q) given by Theorem

Remark 4.1. We can obtain a better estimate assuming more regularity on (v,p). For
example, if (v,p) € Hk(Q) x HE=1(Q), k > 2, we can use an interpolation inequality in (&.4)
to obtain

C . 14 1— 2/k 2/k \3/4 1— 3/(2k 3/(2k)
Jon — asllagey < o folltetey (012 o2 )™ = & o2 o ||Hk(9 (4.5)
Then (L.18) follows from (A.5) with the interpolation inequality ||-||yon ) < C |- || w0 I ”Hn K)-

Remark 4.2. Concerning the Navier boundary conditions, we can obtain the same result
in a different way, by writing [D(v)n]; in terms of curlv on T'y. Indeed, since v-n =0

on Ty, V(v-n) = O(v-n)

n and then,

ov

curlv x n = (Vv — 'Vo)n = =50 V(v-n)+ (Vn)v
n
_ O(v;+(v-n)n) I(v- n) _ Ov;
B on o + (Vnjor ~ On +(Vnjor
On the other hand, using the same kind of computations, we have
ov ov J(v - n)
= t = — . — — T —

2D(v)n = (Vv + "'Vo)n = o + V(v -n) — (Vn)v o +2 ™ (Vn)v,

Hence, we obtain that
curlv x n = [2D(v)n]_+ 2(Vn)v,

Thus, in the previous proof, we can write
(ag — a1)vy = agv + 2v [D(v)n] . = apv + veurlv x n — 2v(Vn)v,

and conclude using the estimates (1.11) and (L.12) on [[vllyz2q) and ||curl’v||(L2(Q))2N_3
giwen by Theorem [1.3
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5 Application to error estimates

In this section, we consider the reconstruction of (v, p), solution of the Stokes system in €,
knowing v and o(v,p)n on I'gps. In other words, we consider the data completion problem
for the Stokes system, that is: from given data g, € H3/2(Fobs) and gy € H1/2(Fobs),
reconstruct (v,p) € H2(Q) x HY(Q) verifying

—vAv+Vp = f in Q,
dive = 0 in
’ 5.1
v = ¢gp on I'gps, ( )
U(v,p)n = gn on Fobs-

As the problem is ill-posed, it is mandatory to use a stabilization method to stably recon-
struct (v, p) from the data f, gp and gy.

Such a stabilization method usually depends on a parameter of regularization € > 0, and
it must fulfill the two following requirements: it must have a solution for any data f, gp
and gy, regardless of the existence of a solution to the corresponding Stokes problem .
And its solution should converge to the solution of when the parameter € goes to zero,
when such a solution exists.

We study below two standard methods of regularization: a quasi-reversibility method
and a penalized Kohn-Vogelius method. In particular, we obtained the convergence rates of

these methods directly from the estimates obtained previously.
= hich

HE (@) (@) (v, w)g2(Q)+(P, Qi) W

is obviously a scalar product on the Hilbert space H?(2) x HY(Q2), and || (v, p) b2 ()1t ()

the corresponding norm.

In the following, we denote (('v,p), (w, q))

5.1 Error estimates for the quasi-reversibility method

The quasi-reversibility method has been introduced in [24] by Lattés et al. to stabilize
elliptic, parabolic and hyperbolic ill-posed problem. The main idea of the method is to
solve well-posed variational fourth-order problem, depending on €.

More precisely, for € > 0, we define the following quasi-reversibility variational problem:
find (ve,pe) € HQ(Q) x HY(Q) such that v. = g5, on [ops, 0(ve,p-)n = gy on Tgps and
for all (w,q) € H3(Q) x H(Q) with w = 0 and o(w, ¢)n = 0 on Ty}, we have:

VAV, + Vp.) - (VA dz + (div(v,), di
/Q( vAv. + Vp.) - (—vAw + Vq) m+(1v(v) 1V(w))H1(Q)

+e(ve, w2 (g) + £(P=; P () :/Qf-(—qunqu) dz. (5.2)

We start by proving that the quasi-reversibility problem is well-posed:

Proposition 5.1. For any (f,9p,gy) € L2(Q) x H¥2(Dyps) x HY2(Tops), there exists a
unique solution (ve,p.) € H?(Q) x HY(Q) to the quasi-reversibility problem (5.2)).

Proof. Let us first note that there exists (V, P) € H?(Q) x H'(Q) such that Virs. = 9D
o(V,P)nyr,, =gy and

1V, Pllapenn oy < CI@00 9 gz eptirar
Indeed, since o(V,P)n-n = 21/%—‘; ‘n— P and

oV .
on

oV .
on

[0(V, P)n], = v < +V(Vn)— (Vn)VT) _ ( + (VTV)n> ,
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it suffices to choose P = 0 and a continuous lifting V' which satisfies V' = gp and V%—‘; =
%(gN ! n)n + N, — V(ngD)n on I‘obs-
Defining (v, pe) 4 (ve — V', p. — P), we see that v. = 0 and o(ve, pz)n = 0 on Ty

and, for all (w,q) € H3(Q) x H(Q) such that w = 0 and o(w, ¢)n = 0 on Ty, we have

/Q(—VAve + Vpe) - (—vAw + Vq) dz + (dlv(vg), dlv('w)>Hl(Q)

+ &(Ve, w2 () + €(Pes i) = / f-(—vAw + Vq)dz — / div(V) div(w) dz
Q Q
—e(V,w)pz(q) — (P, Qur (),
where } ' f + VAV — VP. The Lax-Milgram theorem gives then the result. O

Suppose now that the initial data completion problem admits a (necessarily unique)
solution (v,p) € H2(Q) x HY(Q). Then, we have the following

Theorem 5.2. The solution (ve,p.) € H*(Q) x HY(Q) of the quasi-reversibility prob-
lem (5.2)) converges to (v,p) € H2(Q) x HY(Q) solution of the data completion problem for
the Stokes problem (5.1) when e tends to zero, strongly in H2(Q) x HY(Q). We furthermore

have the estimate
|~ v. + Ve — FlZagy + v ) < el 0.0 2oy (59

Proof. Using (w, q) o (ve — vp: — p) as test functions in the quasi-reversibility prob-
lem ([5.2), which is admissible as they verify the boundary conditions, we directly obtain

| = vAhve + Ve = Flifa(q) + ldiviwe) sy + < ((vepe), (e = wpe=p)) =0
(5.4)
We hence have ((vs,ps), (ve — v, pe — p))HQ(Q)le(Q) < 0 which implies
(e, pe) ll2 ()t (@) < (V5 P) a2 xur () (5.5)
Subtracti — — t ti 5.4 btai
ubtracting €<(U,p), (ve — v, pe p)>H2(Q)XH1(Q) o equation , we obtain
(e = 0.2 =Pl < ~ (@0 (e —vpe=p)) 0 (56)
implying
[(ve = v, pe = P)lHz()xu (@) < (0, P)lH2(0) <11 (0)- (5.7)
Going back to equation ({5.4]), we finally obtain
| — vAv. + Vp. — f”iz(g) + HdiV(Us)HIZﬂ(Q) <e ((U€7p5)7 (ve — v, e _p)>H2(Q)><H1(Q)

which, using (5.5)) and (5.7]), directly leads to the estimate (5.3)).

Now, suppose that v. and p. do not converge to v and p. Then there exist p > 0
and &,, sequence of strictly positive real numbers verifying ¢, —— 0, such that the
n—0o0

def def .
couple (v,, = ve,_,pn = P, ) satisfies
En En

|vn — v, Py _pHH2(Q)xH1(Q) > p-
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By equation (5.5), we know that (v,,p,) is a bounded sequence in H?(€2) x H'(2). Hence,
up to a subsequence (that we still denote (v, p,)) the sequence converges to some (w, q)
weakly in H?(Q2) x HY(Q). Then equation and the boundary conditions verified by
(v, pn) directly imply that (w, q) verifies the Stokes data completion problem , which
in turn implies by uniqueness of such solution that w = v and ¢ = p. Therefore, v,, weakly
converges to v in H?(Q) and p, weakly converges to p in H'(Q). But Equation (5.5
implies then that (v, p,) strongly converges to (v, p), which is a direct contradiction with
the definition of the sequence, and therefore ends the proof. O

Remark 5.3. [t is not difficult to obtain the following complement to the theorem: if the
witial data completion problem for the Stokes system does not admit a solution, then

1, pe) 20y < (2) —57 o0

Otherwise, we would have a sequence of strictly positive real numbers (en)nen verifying
En —— 0 and [[(ve,, pe,) lm2(@)xni) < C. But using the same arguments as in the last
n—oo

paragraph of the proof of theorem[5.3, extracting a subsequence and passing to the limit, we
would obtain a solution to the data completion problem for the Stokes system, in obvious
contradiction with the assumption.

Proposition and Theorem clearly show that the proposed quasi-reversibility
method is a regularization method for problem . However, if Theorem assures
the convergence of the approximated solution to the exact one, it does not give any rate
of convergence. Actually, it is known (see [23, section 2.5] and the references therein)
that Carleman estimates are the key argument to derive convergence rates for the quasi-
reversibility method. This is the case for the quasi-reversibility method proposed above
and we now prove Theorem for this method:

Proof of Theorem[1.§ for the quasi-reversibility method. Defining (w, q) S (ve — v, pe —
p), we notice that we have u = 0 and o(u, ¢)n = 0 on I'y,s and that the following estimates

hold (see Inequalities ((5.3) and (5.7)):

IN

(%, @) a2 11 (0) (v, D)2 () <1 ()
| —vAu+Vlr2) < Vel p)llaz@)xm @

A

[div(u)llrz@) < Vell(v,p)lmz@) < )
Hence, applying estimates (|1.7)) and (1.8]), we directly obtain the result. O

Remark 5.4. Suppose that instead of exact data (f,9p,gx) € L2(Qobs) x HY?(Dypg) X
H'/2(Tgs), with corresponding solution (v,p) € H2(Q) x HY(Q), we have noisy data
(£°.9%. ) € LA(Q) x H*(Tobs) x HY*(Tops), such that

<.

obs) -

) b 5
£ — f||L2(Q) <94, lgp— 9D||H3/2(robs) <4 and |gn-— gNHH1/2(1"

Due to the ill-posedness of the data completion problem , there might be no solution
corresponding to this noisy data. However, the quasi-reversibility problem has a cor-
responding solution, denoted vg and pg. We also denote v. and p. the solution of the
quasi-reversibility problem with exact data. It is not difficult to verify that there exists a
constant C > 0, depending only on the geometry of the domain, such that

4]

”(’Ug - vsapg 7P€)||H2(Q)XH1(Q) < C%
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Combining this result with the previous estimates, we therefore obtain

1) M
H(Ug_vapg_p)||H1(Q)><L2(Q)SC —=t 1/2 |
(1 + 30))

where M > 0 is such that ||[v|| g2 () + P/l ) < M. Such estimate highlights the competi-
tion between reqularization and noise, which leads to the question of the optimal choice of
the reqularization parameter € with respect to the amplitude of the noise §. On this subject
of the optimal choice of the reqularization parameter for the quasi-reversibility method for
elliptic equations, see [11, (12| and the references therein.

5.2 Error estimates for the Kohn-Vogelius method

The quasi-reversibility method proposed in the previous section regularizes the data com-
pletion problem for the Stokes system by solving approximately the first two equations
of (see the estimate in Theorem while verifying exactly the boundary conditions.
The Kohn-Vogelius method we study now is somehow a symmetric method, in the sense
that it solves exactly the equations in {2 with approximated boundary conditions. And
again, we obtain the rate of convergence of the method using the same estimates
and .

We recall that I'G | 2 90 \ Tops and that we here assume that Typg N rq. = 0. For
PN € H1/2(Fgos) and ¥ € H3/2(I‘chs), we denote (vg,,pe,) € H*(Q) x HY(Q) and
(Vs Pyp) € H?(Q) x H'(Q) the respective solutions of

—vAvy, +Vpoy = f in Q, ~vAvy, +Vpy, = f in Q,
divwv,, = 0 in , and divwy, = 0 in Q,
Voy = ¢gp on Do, J(va;p¢D)n = gy on Iops,
o(Vpy,Pox) = @y onTS vy, = tp onTl§ .
(5.8)

We define the non-negative functional

F (‘PN?UJD) S HI/Q(FSI’JS) X H3/2(ngs) = |U§0N - U¢D|%—12(Q) + |U<PN B U¢D|%-11(Q) €R,

def
) =

where | - |g1(g) = [IV()llp20) and |- |r2(o
seminorm.

}VQ(-)HLQ(Q) are the respective H' and H?-

Remark 5.5. For this Kohn-Vogelius method, we have to impose T gpg N Fg)s =0 in order
to guarantee that the functional is well-defined and more precisely that the pairs (vy, , Py, )

and (v, pyp,) belong to HA(Q) x HY(Q) for all (¢x,%p) € HI/Q(FOCbS) X H3/2(Focbs) . In
the case Tops NT'C # (), one cannot guarantee that the solutions belong to H?(Q) x HY(Q)

obs

(see for example [28]).
It is not difficult to verify that the two following propositions are equivalent:

e there exists (py,¥p) € Hl/Q(Fg{)S) x H3?(TC ) such that F(py,%p) = 0;

obs
e there exists a (necessarily unique) solution to the data completion problem (/5.1).

Hence one could try to reconstruct the solution of problem (/5.1]) by minimizing F'. However,
this is not a stable strategy: indeed, the infimum of F' is always 0 even if (5.1) does not
admit a solution, but in this case there are minimizing sequences (¢, ¥'5) such that

Jmm 1GoR $B) e arg yxmoraqrg, ) = 00 (5:9)
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Let us briefly explain why. Due to the denseness of the admissible data (see [8] or |16,
section 2), for all € > 0, there exists (f.,gp_,gn.) € L*(Q) x H>2(Dops) x HY2(Tope)
such that the corresponding Stokes problem (5.1)) has a solution (v.,p.) and

If-—fl <e, |gp. —9gp|| <e and HQNE —gy| <e

Therefore, choosing . = o(ve, po)n and ¥ = v, on T'G _, it is not difficult to see that
0 < F(epn,.¥p,.) < Ce. (5.10)

Hence, the infimum of F' is 0. Furthermore, if the above sequence (¢ y_,%p_) is bounded
in H'/? (TS,.) x H>/ 2(I'S..), one can extract a weakly convergent subsequence which leads
to the existence of a solution of the Cauchy problem (5.1)) using Problems ({5.8)) and In-

equality (5.10).

Thus, to regularize the problem, we add a penalization term: for € > 0, we introduce
the functional F; : H1/2(Fgos) X H3/2(ngs) — R defined by

FE(‘PN)#’D) = F((PN,'QPD) + EH(UQOva(PN)H%—IZ(Q)XHl(Q) +EH(v¢D7p¢D)||%—I2(Q)XH1(Q)'
We have the following result:

Proposition 5.6. For any (f,gp,gy) € L2(Q) x HY2(Tops) x HY?(Tys), there exists a
unique (%, YD) € Hl/z(ngs) X H3/2(ngs) such that

F. (o5, v5) = min F, Y p).
(N, VD) (o o) SHY (0, )xHH/2(TC, ) (N, YD)

Proof. Obviously, the functional F; is continuous and strictly convex. Furthermore, it is
coercive. Indeed, suppose it is not. Then there exists a sequence (¢, %) and a constant
C > 0 such that

Tr}i_{nm H(Soﬁa"pgb)HHl/Q(ngS)XH?’/Q(Fbe) =400 and Fi(eh,¥p) <C.

This directly implies [[(ver, pon)|lm2@)xmi(@) < C and [[(vyn, pyn) a2 xm @) < C,

which directly implies H(QOTNn,’(ﬁg)HH1/2(1—\§bS)XH3/2(Fg’bS) < C by continuity of trace and

normal derivative operators, which is a contradiction with the initial assumptions.
Therefore F. is continuous, strictly convex and coercive, which implies the result

(see [17]). ]

Suppose now that the initial data completion problem admits a (necessarily unique)
solution (v, p) € H?(Q2) x HY(Q). Then, we have the following

Theorem 5.7. The solution (Vs , Pys,) € H2(Q) x HY(Q) converges to (v, p) € H3(Q) x
HY(Q) solution of the data completion problem for the Stokes problem (5.1)) when e tends
to zero, strongly in H2(Q) x H(Q).

Proof. We denote ¢ = U(U’p)nlfgbs and Y5 o Ve By definition, we have (vesr, ppsx) =
(Vg3 Pyz) = (v, p) and F(pF, ¥P) = 0. Therefore, by definition of % and 17,, we have

2 2 2 2
|U<p‘§v —Uys, |H2(Q)+|U<p§\, —Uys, |H1(Q)+5H (vtpinpgoﬁv) ||H2(Q)XH1(Q)+5” (”w%»pzp%)HH?(Q)Xm(Q)

< F(oN,¥p) = 25”(v>p)‘|%12(9)><H1(Q)
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which directly implies

2 2 2
Vs, — ’U¢ED‘H2(Q) +|ves, — ”#}%’Hl(n) = 25”(”719)”H2(Q)xH1(Q) (5.11)

and

H(Ucpﬁvaptpfv)uiﬁ(g)le(Q) + ||(,U’I/JED7p’l/JED)H%—IZ(Q)XH1(Q) < 2”(”7P)H%—IQ(Q)XH1(Q)' (5.12)

Let us consider now an arbitrary sequence of positive real numbers &, such that
lim e, = 0. From (5.12)), we see that

m—00
def def
(Ve pem) = (Vo Py, ) and  (vym, pyn) = (Vy, Py, )

are bounded in H?(Q) x H'(Q). Therefore, up to a subsequence, we have the following
weak convergences in H?(Q)

— —
Uy Ivl/’Doo v Vel v‘PNoo

and the following weak convergences in H!({2)

pTP"ﬁ Ap'l»bpoo’ p‘PX} 4p‘ﬁ]\loo‘

But Equation implies directly that Vg, =V, +¢, with ¢ € RV, and passing to
the limit in the first equations in each Stokes problem of , we get py, = Dey, TG
with ¢ € R. In particular, passing to the limit gives vy, = gp and U('U@NOO ,pd,Dw)n =
a(vaoo,pd,Doo)n = gy on gy by weak continuity of the trace and normal derivative
on I'ghs. Therefore (v, Now o+ P DOO) = (v, p). Hence, we have the following weak convergences
in H?(Q)

Vym —V+C, Vem =V

and the following weak convergences in H'(£2)
Dy — Dy Pep —DP+cC

Now, we see that F(pS,9%%) = 0= F(¢S + cn, %% + ¢) for any ¢ € R and ¢ € RY.
Therefore, similarly has previously, we have F. (%, ¥5) < F.(o% + cn,¥5 + ¢) which
implies

H(v997\77p<P7\7)H%{2(Q)><Hl(Q) + H(’U’lpED’p’l.bgD)H%IQ(Q)XHl(Q) < |(v.p+ C)H%[2(Q)><H1(Q)

+ H(’U + CyP)Hip(Q)Xm(Q)

directly implying that the weak convergences are actually strong convergences.
Finally, a standard argument ad absurdum ends the proof as in the end of the proof of
Theorem O

We now prove Theorem for this penalized Kohn-Vogelius method, recalling that

def

(ve, =) = (Vs Pys, ).

Proof of Theorem[1.§ for the penalized Kohn-Vogelius method. It is not difficult to verify
that we have the a priori bounds (see (5.12]))

[ve = vllg2() < C(v,p),  Ipe = pllmi(0) < C(v,p)
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where C(v,p) and C(v,p) are constants depending only on the H?(€) x HY(Q) norm
of (v,p). Furthermore, thanks to (5.11), we see that

lo(ve, pe)n —gnllgirer,) = lo(es,pys,)n —o(vys,, pys )nllgyz g,

IN

”Us — U¢~€D‘H2(Q) + "Ug - ’U'l.bgD’Hl(Q) <513)
< VeC(v,p)

where C(v, p) is another constant depending only on H?(Q) x HY(Q) norm of (v, p).
Hence, applying again estimates (1.7)) and (1.8), we directly obtain the announced
result. O

Remark 5.8. The Kohn-Vogelius functional is classically defined by F(@n,¥p) = [vp,, —
v¢D|%{1(Q) instead of F(pn,¥p) = Ve, — va]%IQ(Q) + |vp, — v¢D|i11(Q). Notice that
Proposition s also wvalid for the associated functional F.. The only point where the
H2-seminorm is needed is Inequality (5.13).
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